RATIONALITY OF SOME TETRAGONAL LOCI 



SHOUHEI MA 



Abstract. We prove that the moduli space of tetragonal curves of genus 
g > 7 is rational wheng = 1,2,5,6,9, 10 mod 12 and g + 9,45. 

1. Introduction 

Let M g be the moduli space of curves of genus g > 7, and T s c M g 
be the locus of tetragonal curves, namely non-hyperelliptic curves that has 
a map of degree 4 to P 1 . Classically T g has been known to be unirational 
(" IfTBI . [QQ|, Ifl4"l0 . but the problem whether it is rational had not been pursued 
until recently, when Bohning, Bothmer and Casnati [3] proved that 7"? is 
rational. In this article we make the second step in this direction, showing 
that T g is rational for about half genera. 

Theorem 1.1. Let g>l be a natural number with 

g = 1,2,5,6,9,10 mod 12 
and g ^ 9, 45. Then the tetragonal locus T g is rational. 

This extends the series of rationality results for the hyperelliptic loci (H, 
HI) and the trigonal loci ( |[T6l . [|9l, [[TTlO . There naturally arises the ques- 
tion at which gonality such a progress should stop. One might approach 
pentagonal loci as well (cf. lfT4lO . while it seems that only little is known for 
gonality > 6. 

One of the basic approaches for proving rationality of a moduli space is 
to first describe it birationally as the quotient of a parameter space U by 
an algebraic group G, and then analyze the G-action on U. The first step 
means to give a construction of general members that is canonical. In the 
present case, we use Schreyer's model ([Q3]) which describes a tetragonal 
curve C as a complete intersection of two relative conies in a P 2 -bundle 
over P 1 . When C is general, the ambient P 2 -bundle X is either (i) P 1 x P 2 
or (ii) the blow-up of P 3 along a line or (iii) a small resolution of a quadric 
cone in P 4 , depending on [g] e Z/3Z. Thus, in the present case, U is 
a parameter space of some complete intersection curves in that X, and G 
is the automorphism group of X. The structure of U varies according to 
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the parity of g, so the nature of the group action we will study primarily 
depends on [g] e Z/6Z. Moreover, when attacking the rationality problem, 
we were faced with a technical obstruction which caused the further mod 
12 condition in Theorem ll.il 

We work over the complex numbers. §[2] is preliminaries on the relevant 
P 2 -bundles. In §[3] we derive a birational description of T g as a quotient 
space. §@]is a collection of miscellaneous techniques for rationality of quo- 
tient spaces. Theorem II .11 is proved in ^5]- §0 this division comes from 
the above classification (i) - (iii). 

Notation. We will use the following notation for irreducible representa- 
tions of SL 2 and SL 2 x SL 2 : 

V d , e = V d ®V e = H°{0^(d,e)). 
The space V d is also regarded as a GL 2 -representation in the natural way. 

2. 3 -DIMENSIONAL SCROLLS 

For two natural numbers < e < f, let £> e j be the vector bundle 
O ® (-e) © F i (-/) 

over P 1 , and 

*ej = PS*/ 

be the associated P 2 -bundle parametrizing lines in the fibers of S e j. We 
denote by n : X e j — > P 1 the natural projection. In the convention of 
Grothendieck, X e j is rather the projectivization of the dual S^. Thus 
n t O K (l) - for the relative hyperplane bundle O n (l). These P 2 -bundles 
play a fundamental role in the study of tetragonal curves. In §12.11 we 
recall their basic properties following Schreyer [14]. When studying bi- 
rational types of tetragonal loci, we actually use only three P 2 -bundles: 
X ,o = P 1 x P 2 , X ,i and X M . In g2Jand ^231 we take a closer look at 
X i and 

2.1. Basic properties. The Picard group of X e j is freely generated by 
O n (l) and n*0 ¥ i(l). Accordingly, we will write 

L a ,b = O n (a)®n*0 ¥ i(b). 

For example, the canonical bundle of X e j is isomorphic to L_ 3 -z+ e +f' this 
can be seen from the relative Euler sequence 

-> Xe f -> n*B eJ ® a(D -» T x -> 
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where T n is the relative tangent bundle. The intersection numbers between 
line bundles are calculated from 

(2.1) (£1,0X1,0X1,0) = e + f, (Li, Xi, Xo,i) = 1, £0,1X0,1 = 0. 
When a > 0, b > -1, we have using n*L Lub Sym a <5^. <g> F i(b) that 

/■v„,)=(, + /)( a ; 2 ) + (* + i)( a ; 2 ) 

(|fT4l) and ti(L a ^ = for i > 0. 

If b > with (e,f,b) + (0,0,0), the bundle L\ b is base-point-free and 
the morphism 

<P = <f> Lu : X eJ -» \L uh \ w * P* N = e + f + 3b + 2, 

is birational onto its image. It is an embedding if b > 0. The 7r-fibers are 
mapped by cf> isomorphically to planes in \L\ b \ y , which sweep out (f>(X e j). 
The projective variety (p(X e j) is usually called a 3 -dimensional rational nor- 
mal scroll. Its scroll type ( lfT4lO is (b + f, b + e, b). 

We will be concerned with the automorphism group of X e j. By the re- 
lation (12.11 ), any automorphism acts on Pic(X e j) trivially and in particular 
preserves n. Hence we have the basic exact sequence 

(2.2) 1 -> Aut(£ e>/ )/C x -> Aut(X eJ ) PGL 2 -> 1 

where Aut(S e j) is the group of bundle automorphisms which are identity 
over the base. In this article we refrain from working with Aut(X e y-) for 
general (e,f) and restrict ourselves to X 0fi , X ^ and X u , giving ad hoc 
treatment. Note that Aut(X ) is just PGL 2 x PGL 3 . The other two cases 
are studied in 32.21 and 32.31 Here we just mention the following general 
duality. 

Lemma 2.1. We have an isomorphism Aut(X e j) Aut(X/_ e j) of algebraic 
groups. 

Proof. It is convenient to consider the double cover 

G = SL 2 x (Aut(£ e>/ )/C x ) 

of Aut(X e j), where SL 2 acts on X e j and Aut(£ e j) through the SL 2 - 
linearization of G e j. The kernel of the natural covering map G — » A\\t(X e j) 
is generated by (— 1,(— 1)*). On the other hand, by the canonical isomor- 
phism Aut(£ e j) Aut(£jp and by the SL 2 -linearization of £j we have 
a surjective homomorphism G — » Aut(P£^). Its kernel is also generated 
by (-l.(-l)*). Hence we have Aut(X eJ ) ~ Aut(PfiJ / ). Finally, PS^ is 
canonically isomorphic to Xf- e j. □ 
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2.2. X ,i as a blown-up P 3 . The P 2 -bundle X ,i = P£ ,i, £0,1 = Of ® 
(9pi(-l), has the special surface Z = P(9®f which is invariant under 
Aut(X 0j i). Since a section of (9 P i(l) c defines thedivisorZ+F e 
where F is a 7r-fiber, Z is (the unique) member of \Li _i|. We shall distin- 
guish the two rulings on Z - P 1 x P 1 by letting n\z : Z — » P 1 to be the first 
projection, and the other to be the second. In particular, Lojli - Oz(l,0). 
By the adjunction formula we see that Li -0 |s - <9z(0, 1). 

Lemma 2.2. The morphism 

= a(1) :X o , 1 ^ia(D| v -P 3 

is the blow-up along a line I c P 3 with exceptional divisor Z, and n : Xo,i — > 
P 1 is obtained as the resolution of the projection P 3 --» P 1 /rem /. 

Proof. We see that is birational because (<9 ff (l)) 3 = 1. Since |<9 ff (l)||j; = 
|0i(0, 1)1, maps Z to a line Z, contracting the second ruling and mapping 
the first ruling fibers isomorphically to /. On the other hand, each 7r-fiber is 
mapped isomorphically to a plane containing I. This implies our claim. □ 

Since L aib 0*<9 P a(a + b) <8> (9x 0I (-frZ), we can identify |L a fo | with the 
linear system of surfaces of degree a + b in P 3 which have multiplicity 
> b along I. To describe it explicitly, take the homogeneous coordinate 
[X , • • • , X 3 ] of P 3 and let / be defined by X = X\ = 0. Then the subspace 
fl°(L fl , fc ) c H°(O p3 (a + b)) is given by 



(2.3) Vi(X , X0 ® V fl+ *_i(X2, X 3), 
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where V^X^X,) denotes the space of homogeneous polynomials of degree 
d in variables X s , X t . 

We can regard Aut(Xo,i) as the subgroup of PGL 4 stabilizing /. It is con- 
venient to consider inside GL 4 the following double cover of Aut(Xoj): 



?i 
h g 2 



e GL 



gi e SL 2 , g 2 6 GL 2 , h e M 2 , 2 



By transposition we have an isomorphism 

G - SL 2 x Hom(Vi, V Y ) x GL 2 

where SL 2 acts on [Xo,Xi], GL 2 acts on [X 2 ,X 3 ], and Hom(Vi, V\) is the 
space of linear maps C(X 2 ,X 3 ) — > C{Xq,X\). The kernel of the projection 
G -> Aut(X (U ) is generated by (-1, -1) 6 SL 2 x GL 2 . 

Now H (L a: b) is a G-representation, and (12.31 ) gives the irreducible de- 
composition under the subgroup SL 2 x GL 2 c G: the ?'-th summand in (12.31 ) 
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is the SL 2 x GL 2 -representation V i<a +b-i- To express the action of the unipo- 
tent radical Hom^, Vi), for h e Hom(Vi,V{) we set 

exp(fc) = (l,h, h® 2 /2, ■ ■ ■ ) e © Hom(V u V{f d . 

d>0 

Then h acts on H°(L a ^) by the linear maps 
(2.4) <-, exp(/*)> 

d>0 

induced from the multiplication V, x V\ —* V i+ i and the contraction Vj x 
—* Vj-i. In particular, the subspace F t = ®j>iV^ a+ b-j is G-invariant. It 
is the space of polynomials of degree a + b vanishing of order > i along 
/: that is, F t - H°(L a+b -ij). Geometrically the quotient map H Q {L a , b ) —* 
H°(L a>b )/Fi gives the < (i - b - l)-th Taylor development along S of the 
sections of L a>b . Here note that L a ^ ® {NY./x 0l T k - O^ib + k,a- k). 

We remark that L a j, admits a G-linearization through that of P i(a + b) 
and the ideal sheaf J* (for b > 0). Since the element (-1,-1) e SL 2 x GL 2 
acts on L a b by multiplication by (-l) a+h , we see that 

Lemma 2.3. The bundle L a b is Aut(X j)-linearized when a + b is even. 

2.3. X\ t \ as a small resolution of a quadric cone. The P 2 -bundle Xi >t = 

Pfii.i, £1,1 = Opi ©(9 P i(-l)® 2 , has the special section cr = P(9 P i which is 
invariant under Aut(X u ). Since (O n (\). cr) = 0, the morphism 

<P = 00,(1) : X u ia(Dl v - P 4 
contracts cr to a point, say p . 

Lemma 2.4. The image Q = (p(Xi^) is the quadric cone over a smooth 
quadric Qo c P 3 with vertex po, and <p : X\ \ —* Q is a small resolution of 
Po with exceptional curve cr. 

Proof. Since (O n (l)) 3 = 2 and Q is nondegenerate, Q must be a quadric 
hypersurface and (f> : X u —> Q is birational. The 7r-fibers are mapped 
isomorphically to planes, which intersect with each other at p . Swept out 
by those planes, Q must be a quadric cone with vertex p . □ 

Let /: Q --» <2o be the projection from p . Via the pullback by /, the 
two rulings on Q ^ P 1 x P 1 correspond to the two families of planes on 
Q which pass through p . We shall distinguish them so that n : —* P 1 

is the resolution of Q --> Q ^ P 1 where n\ is the "first" projection. In 
other words, the "first" family is the 0-image of |L j|. On the other hand, 
the "second" family gives rise to \L X _\\, whose member is the blow-up of 
such a plane at p and contains cr as the (-l)-curve. The composition 

X U i Q Qo « P 1 x P 1 
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is given by the relative projection from cr of the P 2 -bundle Xu/P 1 . 

In order to describe Aut(Xi i), consider the blow-up Q — » X^i along cr. 
Q is the blow-up of Q at p and so is the P 1 -bundle P(<9 2o (l) ®0 Qo ) over Q 
with exceptional divisor P(9 Go (l). As in (|2.2I) . we have the exact sequence 

1 -> Aut((9 eo (l)e(9 eo )/C x -> Aut(0 -> Aut(Qo) -> 1. 

We may identify the quotient group Aut((9g (l) © Oq q )/C x with the sub- 
group R c Aut((9g (l) © Qo ) consisting of isomorphisms of the form 

(CX s\ 
q ^ I where a e C x and 5 e Hom(<9g ,(9 eo (l)). In particular, R C x x 

fl°(0 Qo (l)). Now Aut(X u ) is the identity component of Aut(g) = Aut(0. 
We have its natural Z/2 x Z/2-covering 

G' = (SL 2 x SL 2 ) k R * (SL 2 x SL 2 x C x ) x V u . 

Dividing G' by (1,-1,-1) 6 (SL 2 ) 2 x C x , we obtain a double cover G of 
Aut(Xi i) isomorphic to (SL 2 x GL 2 ) x Vi i. The kernel of the projection 
G -> Aut(X u ) is generated by (-1,-1) e SL 2 x GL 2 . 

Every line bundle on Zij is obtained as the extension of that on Xi t i\cr = 
Q\po, which in turn is the pullback by / of that on Q Q . Explicitly, we have 

(2.5) L a , b - fO Qo (b, 0) <g> Q (a) - f Qo (a + b, a) 
over Q\p . 

As in ^2.3[ H°(L a> b) is a G' -representation and has the invariant filtration 

c F a c F a . { c-cF,c fl°(L^) 

where i 7 , is the space of sections vanishing of order > i along cr. To be 
more explicit, we take the bi-homogeneous coordinate ([X ,Xi], [Y , yj) 
of Q and the homogeneous coordinate [Z,Zqq,Zq\,Z\q,Z\\\ of P 4 where 
Zij = XiYj and p = [1, 0, • • • , 0]. By (D we may identify H°(L a b ) with 

a 

(2.6) V fo+i (X ,Xi) (8 ViCFo, ^i)Z fl - ; - 

(=0 

This expression is the irreducible decomposition under the subgroup 
(SL 2 ) 2 c G', the i-th summand isomorphic to V b+i j. We then have F t = 
®j>iVb+jj. The torus C x acts on Vb+ij by weight i - a. (Tensoring (12.61) with 
the weight a scalar representation of C x , we obtain a G-representation on 
H°(L a ^).) The unipotent radical Vi.i b h acts by the multiplication maps 

•exp(/j) : V b +i,i © V b +i+d,i+d 

where exp(/i) = (1, h, h® 2 /2, ■ ■ ■ ) 6 @d>oVd4- In particular, the quotient 
representation H (L a ^)/F i is isomorphic to /Z°(L,_i ife ). Geometrically the 
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quotient map H°(L a>b ) — » H°(L a ^)/Fi gives the < (/ - l)-th Taylor devel- 
opment of the sections of L a ^ along the exceptional divisor E of Q. Here 
notice that L aM \ E <g> (N E/ Q)' k - E (b + k, k). 
We remark that 

Lemma 2.5. The line bundle L a b is Aut(Xu)-linearized when b is even. 

Proof. We have natural Aut^ ^-linearizations on Lq _ 2 = ri*Kpi, L_ 2 ,o = 
f*K Qo and L_ 3 = K Xl , . When is even, L a b can be written as a tensor 
product of these bundles. □ 

Remark 2.6. More generally, on X e j with e ± (resp. = e < f), the 
bundle L ai is Aut(Z e> j)-linearized if & (resp. a/ + b) is even. 

3 . Tetragonal loci 

In this section we follow Schreyer's description [14] of tetragonal curves 
to derive a birational model of the tetragonal locus T g as a quotient space. 
Notice that we are assuming g > 7. First recall some basic facts: 

• A tetragonal curve C is not trigonal; 

• When C is general in T g , its tetragonal pencil C — > P 1 is unique; 

• If g > 10, C has a unique tetragonal pencil precisely when C is not 
bielliptic; 

• T g is irreducible of dimension 2g + 3. 

The first three properties can be seen by looking at the product C — » P 1 x P 1 
of two pencils. See HI and the references therein for the last property. 

Now let n : C — » P 1 be a tetragonal map. We regard C as canonically 
embedded in P^" 1 . For each p e P 1 , the (possibly infinitely near) four 
points n~ 1 (p) span a plane in P g_1 by Riemann-Roch. The 3-fold swept out 
by those planes is a rational normal scroll: we may write it as (p Ll (X e j) for 
some < e < f and n > 0. If we view C as a curve on X e j, it turns out to be 
a complete intersection of two surfaces in \L 2 ^\, \La, c \ f° r some b < c ( Ifl4l0 . 
Comparing the adjunction formula for C with the relation L l n \ c K c , we 
see that 

n = b + c + e + f-2. 
Calculating deg^ c = (L^.Z^.Z^c), we obtain 

(3-D g = qe + f) + 3(b + c-l), 

which imposes a relation between (e, /) and (b, c). 

Let T g be the moduli space of tetragonal curves of genus g > 7 given with 
a tetragonal pencil C — » P . The natural projection 7~ g — » is birational. 
For < e < / and b < c, let T g (e, f; b, c) c T g be the locus of those C -> P 1 
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which lies on X e j as a complete intersection of surfaces in \L 2 ^\ and \L 2 J. 
Then we have the stratification 

(3.2) t g = u f g (e,f;b,c) 

(e,f;b,c) 

where (e,f) and (b, c) satisfy (13.11) . This presentation still includes many 
empty strata (see 031), but we here do not mind this redundancy. 

Since the embedding C c X e j is canonical, we find that each stratum is 
the quotient by Aut(X e j) of the parameter space of those complete intersec- 
tion curves. More precisely, when b = c, we have 

f g (e,f;b,b) ~ G(l, \L 2 , h \)/Aut(X eJ ) 

where G( 1 , \L 2 j,\) is the Grassmannian of pencils in \L 2 ^\ . On the other hand, 
when b < c, the surface S e \L 2 b\ containing C is unique, while those in 
\La tC \ are unique up to S + \L ^ h \. To express this situation, let X — > \L 2 j,\ 
be the tautological bundle and £ — > |L 2>fc | be the quotient bundle 

(3.3) fi = H°(L Xc ) /£ 9 H°(Lo, c - b ), 

where //°(L 2iC ) means the product bundle H°(L 2 ^ C ) x |L 2;fe |, and the bundle 
homomorphism X <8> H°(Lo <c -b) — > //°(L 2 c ) is induced by the multiplication 
map #°(L 2 ,&) x H°(Lo, c - b ) -> H°(L 2 , C ). Then we have 

^(c/ji.O-Pfi/AutC^). 

In order to study the birational type of 7~ g , we want to identify the largest 
stratum in (|3.21 ). This was done by del Centina and Gimigliano 0. The 
result depends on the congruence of g modulo 6 and is summarized as fol- 
lows. 

Proposition 3.1. Let S be the bundle defined in (13.31) with c = b + 1. 

(0) When g = (6), denote g = 6b. Then (L 2b ,L 2b+ \) complete in- 
tersections in X 00 = P 1 x P 2 give the largest stratum. Hence T^b ~ 
P£/PGL 2 x PGL 3 . 

(1) When g = 1 (6), denote g = 6b + 1. Then (L 2 ^,L 2 ^) complete intersec- 
tions in X 0j i give the largest stratum. Thus 7~62>+i ~ G(l, |L 2 ^|)/Aut(Xoj). 

(2) When g = 2 (6), denote g = 6b + 8. Then (L 2 ^,L 2 ^+i) complete inter- 
sections in X lt i give the largest stratum. Hence T^+s ~ P£/Aut(Xi (1 ). 

(3) When g = 3 (6), denote g = 6b - 3. Then (L^,!^) complete inter- 
sections in X 00 give the largest stratum. Thus T^-i, ~ G(l, |L 26 |)/PGL 2 x 
PGL 3 . 

(4) When g = 4 (6), denote g = 6b + 4. Then (L 2 £,L 2 ^+\) complete inter- 
sections in Xo t i give the largest stratum. Hence T^+a ~ P£/Aut(Xo,i). 

(5) When g = 5 (6), denote g = 6b + 5. Then (L 2 ^,L 2 ^) complete intersec- 
tions in Xu give the largest stratum. Thus T^+s ~ G(l, |L 2 fo|)/Aut(Xij). 
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Proof. Here let us remark another argument. It is sufficient to check that the 
above quotients have dimension 2g + 3, and this follows from the formulae 

dimAut(X ,o) = dimAut(X ,i) = dimAut(X u ) = 11, 

h°(L 2tb ) = 4(e + f) + 6(6 + 1), 
from §0 □ 

In §[5]-§|71 we use these descriptions of T g to prove Theorem ll.il In order 
to have Aut(X e /)-linearizations on some vector bundles, we were forced to 
assume b to be even in cases (1), (3), (5), and odd in cases (0), (2), (4). This 
caused the further mod 12 classification in Theorem ll.il 

4. Supplementary techniques for rationality 

In this section we collect some techniques for proving rationality of quo- 
tient varieties that supplement the basic ones as in [2] and that will be used 
repeatedly in the rest of the article. We encourage the reader to skip for the 
moment and return when necessary. Most of this section is more or less 
standard, but for the convenience of the reader we sketched some proof. 

4.1. Quotients of Grassmannians. Let G be an algebraic group and V be a 
G-representation. We denote by G c G the subgroup of elements which act 
on V by scalar multiplication, and set G = G/G Q . Let G(a, V) = G(a-l,PV) 
be the Grassmannian of a-dimensional linear subspaces in V. As shown in 
Proposition 13. II we will be interested in the problem whether the quotient 
G(a, V)/G is rational, or at least stably rational of small level. First notice 
that we have a natural birational identification 

(4.1) G(a, V)/G ~ Hom(C fl , V)/GL a xG = ((C') v H V)/GL a x G, 

so that the problem could be reduced to the case of linear quotients. 

To prove stable rationality of G(a, V)/G, it is useful to consider the uni- 
versal subbundle & — > G(a, V) of rank a, which is G-linearized. Its projec- 
tivization is viewed as the correspondence 

Pfi = {(/>, [v]) 6 G(a, V) x PV | Cv c P) 

between G(a, V) and PV. The second projection P£ — > PV is identified 
with the relative Grassmannian G(a - 1, IF) over PV, where T — > PV is the 
universal quotient bundle of rank dim V - 1 . 

Lemma 4.1. Suppose that G acts on G(a, V) almost freely and that Go acts 

on&® (det£) d trivially for some d e Z. 

(1) If furthermore G acts on PV almost freely, then 

P fl_1 x (G(a, V)/G) ~ G(a - 1, dimV - 1) x (PV/G). 
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(2)IfG acts on VV almost transitively with H c G the stabilizer of a general 
point [v] 6 PV, then 

¥'- { x (G(a, V)/G) ~ G(a - 1, V/Cv)/H. 

Proof. Note that we have a canonical identification FS = P(£ <8> (detfi) t/ ). 
Using the no-name lemma for the bundle £<8> (detfi)'' which is G- linearized, 
we obtain Pfi/G ~ P"" 1 x (G(a, V)/G). On the other hand, the bundle 
!f <8> <9py(l) over PV is always G-linearized, and we have G(a - l,T) = 
G(a - \,T <8> <9py(l)). Now (1) is a consequence of the no-name lemma 
applied to T <S> <9 P y(l), while (2) follows from the slice method for the 
projection G(a - -> PV. □ 

Next consider the situation where we have a surjective G-homomorphism 
/ : V — » W to another G-representation V7. Notice that we are not assuming 
V to be completely reducible. We have a natural dominant map 

(4.2) G(a, V) -> G(a, WO, 

whose fiber over P e G(a, W) is an open set of G(a, f~ l (P)). Let Q — > 
G(a, W) be the universal subbundle for G(a, W), and H —* G(a, W) be the 
vector bundle obtained as the inverse image of Q by the bundle homomor- 
phism / : V — » W over G(a, W). Then (14.21) induces a G-equivariant bira- 
tional map 

G(a, V) G(a, «K) 

to the relative Grassmannian G(a,"K). As in the proof of Lemma I4~T1 we 
obtain by the no-name lemma the following. 

Lemma 4.2. Suppose that G acts on G(a, W) almost freely and that Go acts 
onlH <S> (det^) rf trivially for some d e Z. 77zen, setting n = dimV - dimW, 
we have 

G(a, V)/G ~ G(a, n + fl) X (G(a, WO/G). 

This can be seen as a Grassmannian version of the no-name method. 

In the above lemmas, we are required to check almost-freeness of an 
action on a Grassmannian. In many cases this follows from the following 
observation. 

Lemma 4.3. Let an algebraic group G act on a projective space P" almost 
freely. If a <n — dimG, then G acts on G(a, P") almost freely. 

Proof. Let p 6 P" be a general point. It suffices to show that a general fit- 
plane P c P" through p is not stabilized by any element of G. Consider the 
projection n : P" P"" 1 from p. Since n(G ■ p\p) c P" _1 has dimension 
< dimG, a general (a - l)-plane P' c P"' 1 is disjoint from n(G ■ p\p) by our 
assumption a < n- dimG. This means that Pn(G ■ p) = {p}. Now if g e G 
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stabilizes P, we would have g(p) = g(P C\ (G ■ p)) = P P\ (G ■ p) = p, so that 
g = id. □ 

4.2. Representations of product groups. We can utilize quotients of 
Grassmannians for the rationality problem for representations of product 
groups (see IfTOl for more detail). Let G,H be algebraic groups and V, W 
be representations of G, H respectively. Then V H W is a representation of 
GxH. We assume that dimV < dimW. Identifying Via W with Hom(V v , W), 
we consider the map 

(4.3) Uom(V\ W) --> G(dimV, W) 

that sends a homomorphism to its image. Let £ — » G(dimV, W) be the 
universal subbundle. Then (14.31 ) induces a birational map 

(4.4) VhW~»V®£ 

to the vector bundle V<8>£ = Hom(V v ,£) over G(dimV, W). Here // acts on 
£ equivariantly and G acts on V fiberwisely. As in §14.11 let H = Ker(H — > 
PGL(W)) and H = H/Hq. By the no-name method we then obtain 

Lemma 4.4 ( IfTOll ). Suppose that H acts on G(dimV, W) almost freely and 
that H acts on&® (detfi) rf trivially for some d € Z. TTzen 

P(V H W)/G XH~ (P(y ffidimy )/G) x (G(dimV, W)/H). 
5. Over P 1 x P 2 

We begin the proof of Theorem 11.11 with the cases g = 6,9 (12), where 
the basic P 2 -bundle is P 1 xP 2 . We shall use the standard notation <9 P i xP 2(Z?, a) 
for line bundles on P 1 x P 2 , rather than L aJ , in ^21 The automorphism group 
of P 1 x P 2 is PGL 2 x PGL 3 . It is useful to consider also SL 2 x SL 3 , because 
any line bundle O r i x¥ 2(b, a) is SL 2 x SL 3 -linearized. The natural projection 
SL 2 x SL 3 -> PGL 2 x PGL 3 has kernel Z/6 generated by 

^- = (-l,e 27n ' /3 )eSL 2 xSL 3 . 

This element acts on ¥ \ x¥ i(b, a) by multiplication by ( e 7r( / 3 ) 3fo - 2a . 

In the sequel of this section let us use the abbreviation W a for the SL 3 - 
representation H Q (0 ¥ 2(a)). Thus we have H°(Of,i x¥ 2(b,a)) - V& H W a as an 
SL 2 x SL 3 -representation. 

5.1. The case g = 6 (12). Let b > 3 be an odd number. Let £ -> F(V b ®W 2 ) 
be the tautological bundle, and £ -* P( V b El W 2 ) be the bundle VVn El W 2 I£® 
V\ as defined in Proposition [3J] X and £ are SL 2 x SL 3 -linearized where f 
acts by ( e 7r '/ 3 ) 3fo ~ 4 and (g m/3 ) 3fo_1 respectively. Recall that by Proposition l3.ll 
P£/SL 2 x SL 3 is birational to the tetragonal locus of genus 6b = 6 (12). 

Lemma 5.1. The group PGL 2 x PGL 3 acts on ¥(V b la W 2 ) almost freely. 
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Proof. It is known that a general member S of \0 P i xP 2(b, 2)| is the blow-up 
of P 2 at + 1 points in general position (put s = 3b and n = s - 1 in 1151 
§2). Since 3Z? + 1 > 10, 5 has no nontrivial automorphism (see [0). If 
g 6 PGL 2 x PGL 3 acts trivially on S , so it does on P 1 x P 2 . □ 

Proposition 5.2. The quotient P£/SL 2 x SL 3 is rational. 

Proof. Since £ acts on £<g>£ 2 by multiplication by ( e ' Ti/3 ) 9b ~ 9 = = 1, 

the bundle £®£ 2 is PGL 2 xPGL 3 -linearized. We identify P£ with P(£®X 2 ) 
and apply the no-name lemma to the latter, which is possible by the above 
lemma. Then we have 

P£/PGL 2 x PGL 3 ~ P 6&+9 x (P(V fc H W 2 )/PGL 2 x PGL 3 ). 

In order to show that ¥(V b ® W 2 ) /SL 2 x SL 3 is stably rational of level 6b + 9, 
we consider the product U = ¥(V b h W 2 ) x P(V 5 h Wi). Let X' -» P(V 5 la Wi) 
be the tautological bundle. The first projection U —> V(V b El W 2 ) may be 
identified with the projective bundle P(V 5 H Wi <8>X), while the second t/ 
P(V 5 Kl Wi) may be identified with ¥(V b K W 2 ® X')- Since ^ acts trivially on 
both y 5 ia Wi®£ and Vfoia W 2 <g>X', these bundles are PGL 2 xPGL 3 -linearized. 
Applying the no-name lemma to the two projections, we obtain 

t//PGL 2 xPGL 3 ~ P 17 x (P(V b h W 2 )/PGL 2 x PGL 3 ) 

~ P 6 ^ 5 x (P(V 5 H W0/PGL 2 x PGL 3 ). 

Here PGL 2 x PGL 3 acts on P(V 5 la almost freely because we have (14. Il l 
and PGL 2 acts on G(3, V5) almost freely ([10] Lemma 2.7). Thus the prob- 
lem is reduced to stable rationality of level 6b + 5 of 

P(V 5 h W^/SU x SL 3 ~ G(3, V 5 )/SL 2 . 

This in turn follows from Lemma |4"T| (1) and the rationality of PV 5 /SL 2 
(which has dimension 2). □ 

5.2. The PGL 2 x PGL 3 -action on ¥(Vi h W 2 ). Before going to the case 
g = 9 (12), we here study the action of PGL 2 x PGL 3 on P(Vi El W 2 ). 
Let £ — > G(l, PW2) be the universal subbundle and consider the birational 
equivalence P( V { El W 2 ) ~ P(Vi <g)£) in (1441) . Then PGL 2 acts on each fiber of 
P(Vi <8> £) — » G(l, PW2) almost freely and almost transitively. On the other 
hand, since a general conic pencil on P 2 is determined by its 4 base points 
in general position, we see that PGL 3 acts on G(l, ¥W 2 ) almost transitively 
and the stabilizer of a general pencil is the permutation group of its 4 base 
points. Thus the PGL 2 x PGL 3 -action on P(V\ H W 2 ) is almost transitive, 
with <3 4 the stabilizer of a general point. Let us study how this S 4 acts on 
P(Vi H W 2 ). 

Recall first that the irreducible representations of S 4 are the following 
five (ffH): 
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• the trivial representation xo', 

• the sign representation e; 

• the 3-dimensional standard representation iff; 

• the tensor product eiff = e ® iff; and 

• the 2-dimensional standard representation 9 of S 3 where we regard 
S 3 as the quotient of S4 by the Klein 4-group. 

Now we may normalize the 4 base points on P 2 so that P 2 = P(i/0 as an 
S4-space. Then P(W 2 ) = P(Sym 2 i/r v ), and we have the decomposition 

SymV v Symfy Xo © 9 © ^. 

The conic pencil associated to the 4 points is P(0) c PW 2 . Since the fiber 
of 6 -> G(1,PW 2 ) over the point P(0) 6 G(1,PW 2 ) is itself, we see that 
PVi s P(6> v ) as an S 4 -space. Hence P(Vi E W 2 ) - P(# v ® Oto © 9 © </0). 
Noticing that # v 0, # v <g> 9 - xo © e © 9 and # v (8) iff - iff © et^, we summarize 
the argument as follows. 

Lemma 5.3. The group PGL 2 xPGL 3 acts on P(Vi El W 2 ) almost transitively, 
with the stabilizer of a general point [v] isomorphic to S4. As an Q^-space, 

(5.1) P(Vi E W 2 ) - ¥(xq ®e®9® 2 ®iff®eip) 

with [v] being F(xo) e P(Vi H W 2 ). 

For later use, we remark that the following fact is well-known: it is a 
simple application of the no-name method. 

Proposition 5.4. For any ^^-representation V the quotient PV/ S 4 is ratio- 
nal. 

5.3. The case g = 9 (12). Let b > be an even number. By Proposition 
13 . 1 L the quotient G(2, V b E W 2 ) /SL 2 x SL 3 is birational to the tetragonal locus 
of genus 6£> — 3 = 9 (12). We shall prove 

Proposition 5.5. The quotient G(2, V b E V7 2 )/SL 2 x SL 3 15 rational for b 
2,8. 

To begin with, we rewrite G(2, V b El W 2 )/SL 2 x SL 3 by (I47TT) as 

(5.2) P(Vi E V b h W 2 )/SL 2 x SL 2 x SL 3 . 

5.3.1. 77?e case 6 > 12. When Z> > 12, we have dimV fo > dim(Vi E W 2 ) = 
12. We then want to use the method of §@3Jfor V x E V b E W 2 = ( V x E W 2 ) E V b , 
viewed as a representation of (SL 2 x SL 3 ) x SL 2 . Since b is even, V b is a 
representation of PGL 2 so that the universal subbundle over G(12, V b ) is 
PGL 2 -linearized. By Lemma 1431 PGL 2 acts almost freely on G(12, V b ) - 
G{b -11, Vb) ■ Thus we can apply Lemma I4~4l to see that (15.21) is birational 
to 

(P(Vi E W 2 f 12 /SL 2 x SL 3 ) x (G(12, V b )/SL 2 ). 
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Since PV h /SL 2 is rational by Katsylo [6], G(12, V 6 )/SL 2 is stably ra- 
tional of level 11 by Lemma 14.11 (1). Hence it remains to prove that 
P(Vi h W 2 f 12 /SL 2 x SL 3 is rational. 

By Lemma [5731 we can apply the slice method to the projection P(Vi El 
W 2 ) <sl2 --» P(Vi El W 2 ) to the first summand. Then we have 

P(Vi El W 2 f 12 /PGL 2 x PGL 3 ~ (Vi a W 2 ) ell /®4- 

The right side is rational by Proposition 15 .41 Thus Proposition |5.5| is proved 
for b>12. 

5.3.2. The case b = 4, 6. Let b be either 4 or 6. Then dimV fo < dim(Vi El 
W 2 ). We shall consider Vi El El V7 2 as the SL 2 x (SL 2 x SL 3 )-representation 
V b h (V x B W 2 \ and apply the method of §021 Let £ -» G(b + 1, ^ h W 2 ) 
be the universal subbundle. Then £ acts on £ <g> det£ trivially in case b = 4, 
and on £ <g> (detfi)" 1 trivially in case b = 6. One checks (e.g., by looking at 
various special loci in P(Vj El W 2 )) that PGL 2 xPGL 3 acts on G(Z?+ 1, Vi El W 2 ) 
almost freely. So by Lemma I4T41 (15.21 ) is birational to 

(PVf +1 /SL 2 ) x (G(fc + 1, V : a W 2 )/SL 2 x SL 3 ). 

The first quotient PV® fe+1 /SL 2 is rational by Katsylo [7], so it suffices to 
show that G{b + 1, V\ El W 2 )/SL 2 x SL 3 is stably rational of level (b + l) 2 - 4. 

We regard Vi El V7 2 as an S 4 -representation as in the right side of (I5.11 i 
and denote V = V\ El V7 2 /^o- Combining Lemma l4~i1 (2) and Lemma [531 
we see that 

F h x (G(£ + 1, Vi a W 2 )/SL 2 x SL 3 ) ~ G{b, V)/S 4 . 

By looking at the decomposition (15.11) . we can find an G 4 -invariant subspace 
V c V of dimension Z? in either case. If V" c V is the complementary 
sub G 4 -representation, we have the S 4 -invariant open set Hom(V, V") c 
Gib, V) where S 4 acts on Hom(V, V") linearly. Then Hom(V, V")/Q 4 is 
rational by Proposition 15 .41 so Proposition |53]is proved for b = 4, 6. 

Remark 5.6. It seems that the same approach does not work for b = 2, 8, 
because f acts on £ <g> (det£) J nontrivially for any d e Z. 

5.3.3. 77ze case Z? = 10. As in §15.3.21 we consider V\ El V 10 El VK 2 as the 
SL 2 x(SL 2 xSL 3 )-representation y 10 El(y 1 ElVK 2 ) and identify it with the vector 
bundle Vio <8> £ over G(l 1, Vy El W 2 ), where £ is the universal subbundle. In 
this case, we have 

G(l 1, V 1 El W 2 ) = P(Vi El W 2 ) v = P(V, V El W 2 V ). 

By identifying GL„ = GL(C") with GL((C") V ) through the dual repre- 
sentation, we can apply the result of §15.21 to the PGL 2 x PGL 3 -action on 
P(Vj V El W%). Thus we find that it is almost transitive with the stabilizer of a 



15 



general point [H] e ¥(V\ El W 2 Y isomorphic to S 4 , and the corresponding 
hyperplane H c P(Vi El W 2 ) is isomorphic to 

P(e 6>® 2 e if/ © a/0 v - PO © #® 2 © <A © 

as an S 4 -space. We set V = 6 © #® 2 © i/r © eifr. 

We apply the slice method to the projection P(V 10 <8> &) -> P(Vi El W 2 ) v . 
This gives 

P(Vio ® fi)/PGL 2 x PGL 2 x PGL 3 ~ P(V 10 ei V)/PGL 2 x S 4 . 

Next we use the no-name method for the projection P(Viq El V) P(VioEl^r) 
from the rest summand Viq El (6 © #® 2 ffi a/0- Then we have 

P(y 10 H V)/PGL 2 x S 4 ~ C 88 x (P(V 10 ei <A)/PGL 2 x S 4 ). 

Finally, we apply Lemma 14.41 to the PGL 2 x S 4 -representation V\o El iff. 
The group PGL 2 acts on G(3, Vio) almost freely by Lemma 1431 Then the 
quotient G(3, Vio)/SL 2 is stably rational of level 2 by Lemma 1431 (1) and the 
rationality of PVi /SL 2 (01). On the other hand, P« 3 )/S 4 is rational by 
Proposition l5.4l Hence by Lemma l4~4l we conclude that P(Vio El i/0/PGL 2 x 
S 4 is rational. This finishes the proof of Proposition 15 .5 I for b = 10. 

6. Over the blown- up P 3 

In this section we study the cases g = 1, 10 (12) in Theorem ll.il where 
the basic P 2 -bundle is X j, the blow-up of P 3 along a line I. We keep the 
notation in §12.21 

6.1. The case g = 10 (12). Let b > be an odd number. Let X — > \L 2 ^\ be 
the tautological bundle and & — » \L 2 ^\ be the bundle H Q (L 2 ^+i)/-C®H (L i) 
as defined in Proposition l3.ll Since L 2 j }+ \ is Aut(X 0j i)-linearized by Lemma 
I2.3L S is Aut(Zo,i) -linearized. The quotient P£/Aut(X ,i) is birational to the 
tetragonal locus of genus 6b + 4 = 10 (12) by Proposition ^. 11 

Lemma 6.1. The group Aut(X 0j i) acts on \L 2 b\ almost freely. 

Proof. As in Lemma I5T1 a general member of \L 2 <b \ is the blow-up of P 2 at 
3b + 3 general points (put s = 3b + 2, n = s - 1 in flU §2), and such a surface 
has no nontrivial automorphism: see [0 for the case b > 2, while the case 
b = 1 is well-known. (See also Lemma 1631 for another approach.) □ 

Proposition 6.2. The quotient Pfi/Aut(Xo,i) is rational. 

Proof. By the no-name lemma we see that 

Pfi/Aut(X ,i) ~ P 6 " +13 x (|L 2 ,,|/Aut(X ,i)), 

so it suffices to show that |L 2 ^|/Aut(Xo,i) is stably rational of level 6b + 13. 
Consider the product U = |L 2 fc | x |L 21 |. We can identify the first projection 
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U — > \L 2 ,b\ with the projective bundle P(X <8> H °(L 2 ,i)), and the second U — > 
|L 2J | with P(£' <g> H°(L 2 , b )) where X' -> |L 2J | is the tautological bundle. 
Since L 4 fo+1 is Aut(X 01 ) -linearized by Lemma [2731 both X <8> H°(L 2 j) and 
X' <S> H°(L 2 h ) are Aut(X 01 ) -linearized. Then we obtain by the no-name 
method that 

£//Aut(X ,i) ~ P 15 X (l^l/AutCZo.i)) 

~ P 6b+9 x(\L 2J \/Aut(X [U )). 

We shall prove that |L 2j i|/Aut(X 0i i) is stably rational of level 1. Recall that 
|L 2 j| is identified with the linear system of cubic surfaces in P 3 containing 
the line /. Thus, if we consider the parameter space 

V = {(5,0 6 |<9 p3 (3)|xG(l,P 3 ) |f cS}, 

then |L 2 j|/Aut(X 0i i) gets bitational to V/PGL 4 , the moduli space of cubic 
surfaces with a line on it. Let T — > V be the pullback of the universal 
subbundle over G(l, P 3 ). We have 

PT = {(S,l',p) e |<9 p3 (3)| xG(l,P 3 )xP 3 \p<=l' cS}. 

Let T' be the twist of T by the pullback of 0\ 3 (3)|(1)- We can identify W 

with VF', and T' is PGL 4 -linearized because V^T 6 SL 4 acts on it trivially. 
By the no-name lemma for T' we have 

P!T/PGL 4 ~ P 1 x (V/PGL 4 ). 

On the other hand, consider the space T of flags p 6 /' c H c P 3 , where H 
is a plane. We have the PGL 4 -equivariant map 

(6.1) W->T, (S,l',p)^(per cT p S). 

Its fiber over (p 6 I' c H) 6 T is an open set of a linear system PVV 
in |<9 P 3(3)|. The group GL 4 acts on T transitively with the stabilizer G of 
(p G /' c //) being connected and solvable. By the slice method for (16.11 ) 
we see that 

W/PGU ~ PW/G, 

and PW/G is rational by Miyata's theorem |0- Hence |L 21 |/Aut(X ,i) is 
stably rational of level 1 . This finishes the proof of Proposition [6]2] □ 

6.2. The case g = 1 (12). Let b > be an even number. Then L 2 ^ is 
Aut(X ,i)-linearized by Lemma [2731 The quotient G(l, |L 2 ^|)/Aut(X 0i i) is 
birational to the tetragonal locus of genus 6b + 1 = 1 (12). 

Before proving its rationality, we recall that the Aut(X 0i i)-representation 
H°(L 2 b ) is reducible: it has the invariant filtration 

(6.2) c H\L 2 ^ 2 )®H\L 0M2 ) c fl°(Li.-i)® H°(L 1M1 ) c H°(L 2 , b ) 
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defined by the vanishing orders along Z. Here H°(La-d) is 1 -dimensional 
and defines <iE. If we consider H°(L 2h ) as a representation of the double 
cover 

G = SL 2 x HomCVj, VO x GL 2 

of Aut(Xo,i), the successive quotients of (16.21) are the SL 2 x GL 2 - 
representations 

Vb+2,0, Vb+i,i, Vb,2, 

with the action of Hom(Vi, V\) as described in <\2.4h This structure of 
H°(L 2 ,b) was first observed in case b = 1 by Bohning-Bothmer-Casnati 0. 
We consider the quotient representation 

W = H°(L 2 , h )/(H°(L 2 ,_ 2 )®H°(L 0M2 )). 

Geometrically the quotient map H Q (L 2 ^) — > W gives the < 1-th Taylor 
development of the sections of L 2 j, along E. 

Lemma 6.3. The group Aut(X j) acts on FW = P(VVn,i © V h ,i) almost 
freely. 

Proof. Suppose that for a general point [F 1; F 2 ] e P(V fe+1;1 © V^ 2 ) we have 
an element (g\,h,g 2 ) e G fixing it. Consider the projection FW --» PVfo i2 
from Vfr + i,i which is G-equivariant. Since PGL 2 xPGL 2 acts on FVb,2 almost 
freely, we must have (gi,g 2 ) = (±1, X) for some scalar A e C x . Composing 
it with (-1, -1) G SL 2 x GL 2 , we may assume gi = 1. Now (l,h,A) maps 
[F U F 2 ] to [A~ l F l + A- l (F 2 ,h),F 2 ], where (F 2 ,-> : Hom(Vi,Vi) -> V fo+U 
is the linear map induced by the multiplication and the contraction. Thus 
we have (A - l)Fi = (F 2 , h). Since the map (F 2 , •) is injective for general 
F 2 6 Vb,2, choosing F\ generically we have A = 1 and h = 0. □ 

Now we prove 

Proposition 6.4. The quotient G(l, |L 26 |)/Aut(X 0i i) w rational. 

Proof. In the first step, we apply Lemma l4~2l to the quotient map H°(L 2 ^) — > 
W. By Lemma [631 and Lemma [431 Aut(X ,i) acts on G(1,PW) almost 
freely. Then we obtain 

G(l, |L 2 ,,|)/Aut(X (U ) ~ C 2fo+6 x (G(l,PW)/Aut(Z 0> i)). 

By Lemma |4T| (1) we have 

P 1 x (G(l,PW0/Aut(X o ,O) ~ P 5&+5 x (PW/Aut(X ,i)). 

We shall use the no-name method for FW x (|L 20 | x |L U |). Since both L 20 
and L u are Aut(Z 0j i)-linearized and since Aut(X 0>1 ) acts on |L 20 | x |L U | 
almost freely, we see that 

(FW x |L 2 ,„| x |L U |)/Aut(X ,i) ~ P 9 x P 6 x (PW/Aut(X ,i)) 

~ P^xCd^olxlL^D/AutCZo,!))- 
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In this way, we are reduced to showing that (|L 2j o|x|L u |)/Aut(Xo,i) is stably 
rational of level 5b + 6. Actually, we shall prove that it is rational. 

We identify Aut(X ,i) with the stabilizer in PGL 4 of the line /, |L 2> ol with 
|<9 P 3(2)|, and |Li ( i| with the linear system of quadrics containing /. This 
implies that Aut(Zo,i) acts on |Li j| almost transitively, with the stabilizer of 
a general Q e |Li i| isomorphic to (C x x C) x PGL 2 (which is the stabilizer 
of I in Aut(0). By the slice method for the projection |L 2i o| x — > 
we obtain 

fll^ol x |Li,i|)/Aut(X 0il ) ~ |L 2 , |/(C x xC)xPGL 2 

- Cx (\0 Q (2, 2)|/(C x x C) x PGL 2 ). 

Consider the product U = ]<9 e (l,0)| x \0 Q (2,2)\. Note that O Q (l,0) and 
Oq(2, 2) are both (C x x C) x PGL 2 -linearized. By the no-name lemma for 
the second projection U — » \Oq(2, 2)| we have 

U/(C X k C) x PGL 2 ~ P 1 x (\0 Q (2, 2)|/(C x x C) x PGL 2 ). 

On the other hand, using the slice method for the first projection U — > 
\Oq(1, 0)|, we deduce that 

U/(C X x C) x PGL 2 ~ \0 Q (2, 2)|/C x x PGL 2 . 

The last quotient is rational by Katsylo [7j. Thus (|L 2 o| x |Lij|)/Aut(X 0j i) is 
rational, and the proof of the proposition is completed. □ 

7. Over the small resolution of quadric cone 

In this section we study the cases g = 2,5 (12) in Theorem ll.il where 
the basic P 2 -bundle is X^i, a small resolution of a quadric cone. We use the 
notation in §[23] freely. 

7.1. The case g = 2 (12). Let b > be an odd number. Let L —* |L 2; fo| 
be the tautological bundle and S — » |L 2fo | be the bundle H°(L 2 ,b+i)/-C ® 

//°(L 0i i) as defined in Proposition 13.11 Then P£/Aut(Zi,i) is birational to 
the tetragonal locus of genus 6b + 8 = 2 (12). Note that & is Aut(Zij)- 
linearized because L 2 i+1 is so by Lemma [231 

Lemma 7.1. The group Aut(Xij) acts on |L 2 /,| almost freely. 

Proof. As in Lemma I5T1 a general member S of \Laj,\ is the blow-up of P 2 
at + 5 general points (put s = 3b + 4, n = s - I in§5§ §2). When b > 2, 
S has no nontrivial automorphism ([|8]). On the other hand, when b = 1, S 
has the Geiser involution but this does not preserve the line bundle giving 
the embedding 5 cl u . □ 

Proposition 7.2. The quotient P£/Aut(Xi ( i) is rational. 
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Proof. By the no-name lemma we have 

Pfi/Aut(X u ) ~ P 6fe+17 x (|L 2 ,,|/Aut(X u )). 

To deduce stable rationality of |L 2 ^|/Aut(Xij), we consider the product U = 
\Lj,b\ x (|Lo,il x l^i-i I)- We can identify the projection \L 2 ^\ X lAul —* \L 2 , b \ 
with the projective bundle P(£ ® H°(L 0A )), and \Lz ib \ x \L\ _i| -> IL^I with 
P(£ ® fl°(Li _i)). Note that X ® #°(Lo,'i) and X ® fl°(Li _'i) are Aut(X u )- 
linearized by Lemma 1231 Then by the no-name lemma we obtain 

£//Aut(X u ) ~ P 1 x P 1 x (|L 2 ,,|/Aut(X u )). 

On the other hand, we use the slice method for the projection U — > |L ,i | x 
|Li_i|. Since |L j] x |Li_i| is identified with the base quadric Q of the 
quadric cone, we see that (SL 2 x GL 2 ) t>< Vi^i acts on it transitively. If G\ is 
the stabilizer in SL 2 x GL 2 of a point p of Q , then we have 

U/Axst(X ltl ) ~ IL^I/Gi * V lA . 

Since Gi is connected and solvable, so is Gi x V u . Thus |L 2jfc |/Gi x V u is 
rational by Miyata's theorem [[121 . This shows that |L 2 jfo |/Aut(Xi j) is stably 
rational of level 2, and the proposition is proved. □ 

7.2. The case g = 5 (12). Let b > be an even number. By Proposition 
13.11 the quotient G(l, \L 2b \)/Aut(Xij) is birational to the tetragonal locus of 
genus 6b + 5 = 5 (12). Here L 2b is Aut(X u ) -linearized by Lemma 1231 

Let F be the kernel of the restriction map H°(L 2 , b ) -> H°(Oo-(b)). Recall 
that the Aut(X u )-representation H°(L 2 ,b) is reducible, having the invariant 
filtration 

(7.1) c fH°(0 Qo (b + 2,2))cFc H°(L 2 , b ) 

defined by the vanishing orders along <x. If we consider H°(L 2b ) as a repre- 
sentation of the double cover (SL 2 x GL 2 ) « V\ t \ of Aut(X u ), the successive 
quotients of (17.11) are the SL 2 x GL 2 -representations 

and the unipotent radical V\ t \ 3 h acts by multiplication by exp(/z), 

v 6+ i,i -» yfo +u e y fo+2 , 2 , y fo , -» v fo ,o © v^i © v 6+2 , 2 . 

We consider the quotient representation 

W = H (L 2 , b yf*H (0 Qo (b + 2,2)). 
Let ([Z ,Zi], [y , FJ) be bi-homogeneous coordinates of <2 - P 1 x P 1 . 

Lemma 7.3. The following holds. 

(1) When b>4, Aut(X u ) acts on FW and G(l, PW) almost freely. 

(2) Wfcen & = 2, Aut(X u ) acta on G(1,PW) almost freely. 
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(3) When b = 2, Aut(X u ) acts on FW = P(V 3 ,ieV 2 ,o) almost transitively. 
Ifv = (X^Yi + X^Yo, XqXi) 6 W, the stabilizer of[v] € FW is the subgroup 

S 2 xC x cSL 2 xGL 2 /(-l,-l) 

generated by 

Q 2 :X ^X U X^-Xo, Y ^Y U Y x h> -Y q , 

(7.2) « e C x : I ^ «^o, X x ^a~ l X u Y ^ a 3 Y , F^aT 3 ^. 

Proof. (1) In view of Lemma 1431 we prove the assertion only for FW = 
P(Vi, + i,i © V b fl). Let K c SL 2 be the stabilizer of a general point [F] e 
FVbfl. It suffices to show that (K x GL 2 ) x Vi,i modulo (—1,-1) acts on 
(CF) V <8> Vb+i,i almost freely. Here Vij acts as translation by F v <S> (Vi,i • F). 
Consider the quotient map 

(7.3) (CF) V ® V b+U (CF) V <8> V b+u /((CFy ® (V u • FJ). 

This is a ^xGL 2 -linearized vector bundle on which V\ t \ acts by translations 
in the fibers (in particular, freely). If we set U = (CF) V <g> (Vb+i/Vi ■ F), the 
image of (17.31) is the K x GL 2 -representation U M V\. It is easy to see that 
K x GL 2 /(-l,-l) acts on U El Vi almost freely: when b > 6, we have 
K = {+1} and GL 2 acts on Vf b almost freely. When b = 4, K/ ± 1 is the 
Klein 4-group which acts on G(2, U) effectively. Then our assertion follows 
by considering the fibration U 12 Vi --» G(2, i7) as in (14.31) . 

(2) A general 2-dimensional linear subspace of W can be normalized by 
the Aut(^! j)-action to the following type: 

P = <(F ,X 2 ), (F u Xj)), F.-eVy, 

The basis presented here is canonical, in that its image by the projection n : 
W —> V 2 fl gives the discriminant locus of the conic pencil n(P). Hence by 
any stabilizer of P this basis is preserved up to scalar. Using this property, 
our assertion follows from a direct calculation. 

(3) We only have to determine the stabilizer. Clearly the group S 2 « 
C x defined above fixes [v]. Conversely, suppose g e Aut(X u ) fixes [v]. 
Composing g with an element of S 2 x C x , we may assume that g is the 
projection image of an element of the form (\,g 2 ,h) 6 (SL 2 x GL 2 ) x Vij. 
Then we would have 

*ofe 2 (ri) -YJ + Xl(g 2 (Y ) - Y ) = -hX X u 

from which follow h = and g 2 = 1 . □ 

Now we prove 

Proposition 7.4. The quotient G(l, |L 2;fo |)/Aut(X u ) is rational. 
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Proof. By Lemma 1731 (1) and (2), we can apply Lemma 1431 to the quotient 
homomorphism H°(L 2b ) - » W. Then we obtain 

G(l, |L 2 ,,|)/Aut(X u ) ~ C 6b+ls x (G(l,PW)/Aut(X u )). 

In case b > 4, we can use Lemma 1431 (1) to see that 

P 1 x (G(l,PWO/Aut(Z u )) ~ P 3fc+3 x (PW/Aut(Z M )), 

so we are reduced to proving stable rationality of PW/Aut(X 1;1 ) of level 
3b + 3. We shall utilize the duality Aut(X u ) - Aut(X ,i) from Lemma O 
In the proof of Proposition 16.41 we have found representations U\, U% of 
Aut(Xo,i) of dimension 10, 7 such that Aut(X ,i) acts on Pf/i x Pt/ 2 almost 
freely with the quotient rational. Replacing Aut(X j) with Aut(Xij), we 
can repeat the same no-name argument for FW x (P£/i x Pt/ 2 ) to deduce 
stable rationality of PW7Aut(X u ) of level 15. This proves our assertion for 
b>A. 

Next we consider the case b = 2. Let v £ W be the vector as defined in 
Lemma 1731 (3). By Lemma 1731 (2). (3) and Lemma l4TT1 (2 N ). we have 

P 1 x (G(l,PW)/Aut(X u )) ~ V(W/Cv)/Q 2 * C x 

where S 2 xC x is as defined in Lemma 1731 (3). It is easy to see the following 
S 2 x C x -decomposition of W: 

V 2fi = (X X l )®(X 2 ,X 2 l ), 

V3.1 = <x 3 y 1 +x 3 y )e<x 3 y 1 -x 3 y )e 

<x 3 y , x 3 ^) ® (x 2 x,Yo, -z z?y 1 >e<z z?y , x^yo. 

Let W,- be the representation of S 2 x C x induced from the weight / scalar 
representation of C x , V a the sign representation of S 2 pulled back to S 2 x 
C x , and Vo the trivial representation. By the above calculation we have the 
decomposition 

w/Cv - v ev ff e wf 2 ®w 2 ® w 3 . 

Here notice that our C x is defined rather as the quotient by -1 of the 
a-torus C x in (17.21) . and this division by -1 reduces the weights of C x - 
representations to half. Now S 2 txC x acts on P(Wi©W 2 ) almost freely so that 
we can apply the no-name lemma to the projection P( W/Cv) --» P(Wi © W 2 ). 
This gives 

¥(W/Cv)/Q 2 k C x ~ C 6 x (F(W 1 ® W 2 )/Q 2 x C x ). 



Since F(W\ ® W 2 )/S 2 x C x has dimension 2, it is rational. Therefore 
G(l,PW)/Aut(X u ) is stably rational of level 1, and Proposition 1731 is 
proved for b = 2. □ 
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